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We study effective light-matter interactions in a circuit QED system consisting of a single LC
resonator, which is coupled symmetrically to multiple superconducting qubits. Starting from a
minimal circuit model, we demonstrate that in addition to the usual collective qubit-photon coupling
the resulting Hamiltonian contains direct qubit-qubit interactions, which have a drastic effect on the
ground and excited state properties of such circuits in the ultrastrong coupling regime. In contrast
to a superradiant phase transition expected from the standard Dicke model, we find an opposite
mechanism, which at very strong interactions completely decouples the photon mode and projects
the qubits into a highly entangled ground state. These findings resolve previous controversies over
the existence of superradiant phases in circuit QED, but they more generally show that the physics
of two- or multi-atom cavity QED settings can differ significantly from what is commonly assumed.
PACS numbers: 42.50.Pq, 05.30.Rt, 85.25.-j
I. INTRODUCTION
The Dicke model (DM) is frequently used in atomic
and solid-state systems as a minimal model to describe
phenomena related to the collective coupling of many
emitters to a single radiation mode [1, 2]. When ex-
tended to the ultrastrong coupling regime, where the col-
lective coupling becomes comparable to the atomic and
optical frequencies, the ground state of the DM under-
goes a phase transition into a superradiant state [3–5].
This state is characterized by a non-vanishing field ex-
pectation value and a uniform atomic polarization and
is commonly considered the hallmark of ultrastrong cou-
pling physics. While this superradiant phase transition
(SRT) is well understood and has been observed with
engineered Hamiltonians in driven atomic systems [6–8],
the validity of the Dicke model for describing also the
ground states of equilibrium cavity QED systems is still
subject of ongoing debates [9–14]. This question has re-
gained considerable interest with the development of cir-
cuit QED systems [15–18], where superconducting two-
level systems are strongly coupled to microwave photons.
In particular, it has been argued [19] that the equivalent
of the so-called A2 term—which supposedly prevents the
SRT in atomic systems [9]—does not play a crucial role
in these artificial circuit QED devices. However, these
predictions have also been questioned on very general
grounds [20], or based on concrete models [21]. While
recently the ultrastrong coupling regime for single qubits
has been experimentally achieved [22–26], the nature of
the ground states of collective circuit QED systems still
remains open.
In this work we investigate a multiqubit generalization
of a circuit QED system, where N charge qubits are cou-
pled symmetrically to a single microwave mode. In the
limit of weak coupling the system reduces to the standard
DM and thus such circuits have been proposed for study-
ing the superradiant phase transition [19, 27, 28], which
is expected to occur when either the coupling strength
or the number of qubits is increased. The important
finding of this work is that the full Hamiltonian for this
circuit necessarily contains additional direct qubit-qubit
interactions, which have been ignored in many previous
studies, but become non-negligible as one approaches the
ultrastrong coupling regime. The analysis of the ground
state properties of this extended Dicke model (EDM) re-
veals surprising new effects, which completely contradict
our existing intuition about light-matter interaction. In-
stead of undergoing a transition into a superradiant phase
with increasing coupling strength, the system first grad-
ually evolves into a hybridized qubit-photon state, but
without broken symmetry. At even higher interaction
strengths, an opposite effect can take place, where the
photonic component of the ground state completely de-
couples, while the qubits collapse into a highly entan-
gled Dicke state with vanishing dipole moment. We ex-
plain these findings with an effective low-energy theory,
which reveals the existence of separate manifolds with an
exponentially large number of nearly degenerate states.
Together with the high degree of entanglement, this fea-
ture makes the EDM considerably more involved than
the well-studied DM and imposes many new challenges
for theoretical and experimental research on ultrastrong
coupling physics.
The analysis presented in this work is primarily fo-
cused on a minimal model for a charge-coupled circuit,
which is motivated by previous studies on this subject
and allows a simple physical interpretation of the pre-
dicted effects. It also establishes a direct connection to
the single-mode Hopfield model that is used to describe
ultrastrong coupling effects in other electrically coupled
cavity QED settings [29–31], or related models for cou-
pled quantum dots [32], and shows the broader scope of
our findings. However, the EDM can also be derived for
inductively coupled circuits (although not for all [33])
based on the flux qubit design. For this type of a qubit,
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FIG. 1. a) Circuit model for N charge qubits coupled to
a single lumped-element resonator. b) Sketch of the energy
levels of a single charge qubit as a function of the applied gate
voltage and for EC  EJ . c) Plot of the coupling parameter
ζ = (g/gusc)
2 as a function of Cg/Cr and a specific set of
circuit parameters Cr = 10 fF, Cq = 0.5 fF, and Lr = 1 nH.
For the two upper lines EJ/h = 2 GHz and the condition
EJ/EC < 1 is fulfilled over the whole range of plotted values.
The lowest line represents the transmon limit (EJ/EC > 1)
given in Eq. (7) for N = 1.
the ultrastrong coupling regime is already experimentally
accessible today [25, 26] and using the tuneability of the
coupling [25, 26, 34] in these setups, it should be pos-
sible to dynamically test the predicted new effects for
N = 2 or more qubits, over a wide range of coupling
strengths, including the scaling of the qubit-qubit in-
teraction strength, light-matter decoupling and ground
state properties.
The remainder of the paper is structured as follows.
In Sec. II we derive the exact Hamiltonian for a minimal
collective circuit QED systems and discuss in Sec. III the
meaning of superradiant states, first for the example of a
single qubit. In Sec. IV we then analyze the ground state
properties of the collective model and explain the origin
of the light-matter-decoupling effect. In Sec. V we briefly
describe alternative circuit implementations based on the
flux qubit design and demonstrate the robustness of the
observed effects with respect to experimental imperfec-
tions. Finally, Sec. VI summarizes the main conclusions
of this work.
II. COLLECTIVE CIRCUIT QED
We consider a superconducting circuit as depicted in
Fig. 1 a), where N charge qubits [18, 35] are coupled
symmetrically to a single mode lumped element resonator
with capacitance Cr and inductance Lr. Each qubit is
represented by a Cooper pair box with capacitance Cq
and Josephson energy EJ and coupled to the LC res-
onator via an additional capacitance Cg. The whole cir-
cuit is described by the Lagrangian
L = CrΦ˙
2
r
2
− Φ
2
r
2Lr
+
N∑
i=1
[
Lq(Φi, Φ˙i) + Cg
2
(
Φ˙r − Φ˙i
)2]
,
(1)
where Φη(t) =
∫ t
−∞ Vη(s)ds is the generalized flux [36] as-
sociated with the voltage Vη at each node, η = r, 1, . . . , N
[see Fig. 1 a)]. The Lagrangian for each qubit is
Lq(Φ, Φ˙) = Cq
2
(Φ˙− VG)2 + EJ cos
(
Φ
Φ0
)
, (2)
where VG is the applied gate voltage and Φ0 = ~/(2e) is
the reduced flux quantum. We emphasize that apart from
the coupling of each individual qubit to the cavity, our
model in Eq. (1) does not contain any direct capacitive
interactions among the qubits themselves.
To obtain a quantized circuit model, we follow the
standard quantization procedure and replace the Φη and
the conjugate node charges Qη = ∂L/∂Φ˙η by operators
obeying [Φη, Qη′ ] = i~δηη′ . For the resulting Hamilton
operator H =
∑
η QηVη−L we then obtain (see App. A)
H =
Q2r
2C¯r
+
Φ2r
2Lr
+
N∑
i=1
[
Hiq +
QrQi
C¯g
]
+
∑
i 6=j
QiQj
2C¯qq
, (3)
where Qi = Qi + CqVG is the displaced charge and
Hiq =
Q2i
2C¯q
− EJ cos
(
Φ
Φ0
)
(4)
is the Hamiltonian for an individual qubit. The modified
capacitances that appear in Eqs. (3) and (4) are given
by C¯q = C¯
2/[Cr + Cg + (N − 1)CgCq/(Cq + Cg)], C¯r =
C¯2/(Cq +Cg), C¯g = C¯
2/Cg, C¯qq = (Cg +Cq)C¯
2/C2g and
C¯2 = CgCr + Cq(Cr +NCg).
Equation (3) first of all shows that the coupling of indi-
vidual qubits to a common resonator mode renormalizes
the bare resonator and qubit energies. This is analo-
gous to the effect of the A2-term, which in atomic cavity
QED systems increases the photonic field energy propor-
tional to the number of atoms and can thereby prevent
a SRT [9]. Interestingly, here the coupling lowers the
charging energies, i.e., C¯r,q > Cr,q, which is exactly the
opposite effect and would at first sight favor a SRT. How-
ever, from the last term in Eq. (3) we also see that the
Legendre transformation from voltage to charge variables
introduces additional direct qubit-qubit interactions, the
effect of which we will analyze in the following.
In a final step we express Qr = Q
r
0(a
† + a) and
Φr = iQ
r
0/(C¯rω¯r)(a
† − a) in terms of annihilation and
creation operators, a and a†, where ω¯r = 1/
√
LrC¯r and
Qr0 =
√
~C¯rω¯r/2. We further restrict each qubit to the
two lowest states |0〉 and |1〉 (at this stage without fur-
ther justification), which are separated by an energy ~ω¯q.
For the examples considered below we can then write
Hiq ' ~ω¯qσiz/2 and Qi ' Qq0σix, where Qq0 = 〈1|Q|0〉 and
3the σk are the usual Pauli operators. Under these as-
sumptions and by introducing collective spin operators
Sk =
1
2
∑
i σ
i
k, we finally obtain (~ = 1)
H ' ω¯ra†a+ ω¯qSz + g(a+ a†)Sx +DS2x, (5)
where g = 2Qr0Q
q
0/(~C¯g) and D = 2(Q
q
0)
2/(~C¯qq).
Eq. (5) thus represents the minimal model for N ≥ 2
qubits that are coupled capacitively to a single microwave
mode. Below we will show that identical models can
be derived for basic flux-coupled circuits, these mod-
els are also discussed in other cavity QED implemen-
tations [30, 31]. In the absence of the last term, Eq. (5)
reduces to the standard DM, which exhibits a superradi-
ant ground state for couplings
√
Ng ≥ gusc [5], where we
use gusc =
√
ω¯rω¯q to define the onset of the ultrastrong
coupling regime for a single qubit. However, since they
have the same physical origin the qubit-qubit interaction
strength D and the qubit-resonator coupling g are not
independent. In view of C¯qq = C¯
2
g/C¯r in Eq. (3), we
obtain the exact relation
D =
g2
ω¯r
, (6)
which demonstrates the significance of this additional
term in the limit of very strong interactions.
III. ULTRASTRONG COUPLING
Before we proceed with the multi-qubit model let us
first evaluate the value of the single-qubit coupling pa-
rameter ζ = (g/gusc)
2 that can actually be achieved for
a specific circuit design. We first do so for the frequently
used transmon qubit [37], which is operated in the regime
EJ  EC = e2/(2C¯q) and VG = 0. In this case the two
lowest eigenstates are well approximated by harmonic os-
cillator states with ω¯q '
√
8ECEJ and Q
q
0 '
√
~C¯qω¯q/2
and we obtain
ζ =
C2g
Cr(Cg + Cq) + Cg(Cg +NCq)
< 1. (7)
This shows that independently of the circuit parameters
the single-qubit ultrastrong coupling regime cannot be
reached. Such a limit on the coupling parameter is con-
sistent with more general no-go theorems discussed in
Ref. [20] or the absence of a SRT found in other explicit
multi-qubit circuit QED models [21]. It can be traced
back to the fact that in harmonic or weakly nonlinear
systems the coupling g ∼ √ω¯qω¯r is directly related to
the qubit and the resonator frequency. To break this
relation we now consider instead the charge qubit limit
EJ  EC and CqVG/(2e) = 1/2 [see Fig. 1 b)]. In this
case the qubit states are superpositions of charge states,
i.e. |0〉 = (|0e〉+|−2e〉)/√2 and |1〉 = (|0e〉−|−2e〉)/√2,
where |0e〉 and | − 2e〉 denote the states with zero and
one excess Cooper pair on the island, respectively. Then
a)
b)
“normal phase” “superradiant phase”
FIG. 2. a) Plot of the two energy levels E±(α) obtained from
the diagonalization of the semiclassical qubit Hamiltonian
Hsc(α) for N = 1. b) Illustration of the classical charge con-
figurations, which correspond to the two superradiant ground
states |G±〉.
Qq0 ≈ e is approximately independent of ω¯q ' EJ and we
obtain
ζ =
4C2g
Cr(Cg + Cq) + Cg(Cg +NCq)
× EC
EJ
. (8)
Therefore, while in practice there might be additional
constraints on the achievable parameters, there is no fun-
damental limit that prevents one from reaching the ul-
trastrong coupling regime even for a single qubit, for ex-
ample, by simply lowering EJ . This is explicitly shown
in Fig. 1 c) for a concrete set of realistic parameters
and is in agreement with many previously analyzed cir-
cuits [34, 38, 39] based on the highly nonlinear flux qubit
design [18, 40].
A. Superradiant charge states
Given the ability to reach the ultrastrong coupling
regime g > gusc for a single qubit, it is instructive to
develop a physical picture for the ground state in this
regime. To do so we consider a semiclassical model
Hsc(α) = 〈α|H|α〉, where a and a† are replaced by clas-
sical field amplitudes α and α∗. For N = 1 this model
reads
Hsc(α) = ω¯r|α|2 + ω¯q
2
σz +
g
2
(α+ α∗)σx. (9)
In Fig. 2 a) we plot the two eigenenergies E±(α) of
Hsc(α), which can be interpreted as Born-Oppenheimer
potentials for a classical resonator with amplitude α. For
g = 0 the lowest potential curve is simply quadratic with
a minimum at α = 0. This corresponds to the normal
phase, where both the qubit and the resonator state are
4in the ground state. For values g  gusc the lowest poten-
tial curve exhibits two minima at α ≈ ±g/(2ω¯r). The two
essentially degenerate ground states |G±〉 = | ± α〉|∓〉,
where |±〉 = (|0〉 ± |1〉)/√2, then correspond to the su-
perradiant states with a non-vanishing field expectation
value.
The physical interpretation of the abstract states |G±〉
is given in Fig. 2 b), which shows the corresponding
classical charge configurations in the limit where all the
inductive energies can be neglected. In this limit the
charge expectation values for these states are given by
〈G±|Qr|G±〉 ' ±e, 〈G−|Qq|G−〉 ' 0 and 〈G+|Qq|G+〉 '
−2e. Most importantly, this simple electrostatic pic-
ture clearly illustrates that the main difference in the
two configurations is the sign of the polarization charge
on the coupling capacitance Cg. Although the system
is in a superradiant state, the voltage across the res-
onator capacitance Cr vanishes. Thus the meaning of a
finite field expectation value 〈a〉 6= 0 in the ground state
of a capacitively-coupled circuit QED system is that of
a finite polarization charge, while the voltage state of
the resonator is unchanged. A closely related observa-
tion about the difference between the electric field and
the polarization field has previously been pointed out in
Ref. [11] for atomic cavity QED systems, but it can be
understood here in terms of even simpler electrostatic
arguments.
IV. GROUND STATES OF THE EXTENDED
DICKE MODEL
Let us now return to the full circuit QED Hamilto-
nian (5). Note that for N  1 neither Eq. (7) nor Eq. (8)
prevents one from reaching the collective ultrastrong cou-
pling regime, Nζ > 1, but now the additional qubit-qubit
interactions ∼ D must be taken into account. Follow-
ing the standard approach [5], we first consider the limit
N  1, and use the Holstein-Primakoff approximation to
replace spins by harmonic operators, i.e. Sz → b†b−N/2
and Sx →
√
N(b + b†)/2, where [b, b†] = 1. In this case
we obtain the quadratic Hamiltonian (see App. B)
HHP = ω¯ra
†a+ ω¯qb†b+G(a+ a†)(b+ b†) +DN (b+ b†)2,
(10)
where G = g
√
N/2 and DN = ND/4. This Hamilto-
nian can be diagonalized by a Bogoliubov transforma-
tion [5, 30, 31], from which we obtain the two eigenmode
frequencies
ω2± =
1
2
[
ω¯2r + Ω
2
q ±
√
(ω¯2r − Ω2q)2 + 16G2ω¯rω¯q
]
, (11)
where Ω2q = ω¯q(ω¯q + 4DN ). The SRT occurs, when the
ground state of HHP becomes unstable, i.e., when ω−
vanishes. This requires G2 > ω¯cΩq/4, or equivalently,
N(g2/ω¯r) > ND+ω¯q, and for D = 0 we recover the usual
transition point mentioned above. However, in view of re-
lation (6), the excitation frequencies of the EDM remain
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FIG. 3. Ground-state expectation values of a) the photon
number and b) the collective spin operators as a function
of the coupling g. The dotted line indicates the prediction
from the Dicke model (DM) and the dashed lines the results
obtained from HHP in Eq. (10) and Heff in Eq. (15) in the
weak and strong coupling limit, respectively. c) Entanglement
entropy SE(ρ) = −Tr{ρ log2(ρ)} in the ground state |G〉 of
Hamiltonian (5) evaluated for the reduced density matrix of
the qubit subsystem, ρq = Trr{|G〉〈G|}, and for the reduced
density matrix of a single qubit, ρ1 = TrN−1{ρq}. d) Plot of
the Q-function Q(~n) = 〈~n|ρq|~n〉, where ~n is a unit vector on
the Bloch sphere and |~n〉 is the corresponding coherent spin
state. Note that in b)-d) only the results for N = 10 are
shown and for all plots ω¯q/ω¯r = 0.5 and δ = 0 have been
assumed.
positive for all parameter values. This means that in
the present circuit QED setup a SRT in the conventional
sense does not occur, and it is prevented by a mechanism,
which is analogous to the effect of polarization interac-
tions discussed, for example, in the context of intersub-
band polariton systems [30, 31]. Since this effect is absent
for a single qubit, there is a fundamental difference be-
tween single- and multi-qubit cavity QED settings, which
does not follow from otherwise closely related studies of
the A2-term [9, 19, 20].
A. Light-matter decoupling
Having established the absence of a SRT in the lin-
earized regime, we are now interested in the actual
ground state of Hamiltonian (5) under the constraint
D = g2/ω¯r + δ, but for otherwise arbitrary coupling pa-
rameters. The inclusion of an additional offset δ ≥ 0 is
motivated by more general circuits discussed in Sec. V be-
low. In Fig. 3 a) and b) we plot the expectation values of
5the mean photon number 〈a†a〉 and the spin expectation
values 〈Sz〉 and 〈S2x〉 as a function of the coupling g and
for N = 9 and N = 10 qubits. The plot shows a grad-
ual increase of the photon number, which—as expected
from the analysis above—varies smoothly across the SRT
point g =
√
ω¯rω¯q/N . This behavior can be fully under-
stood from the linearized Hamilton HHP, from which we
derive the approximate initial scaling (see App. B)
〈a†a〉 ' Ng
2ω¯q
4(ω¯r + ω¯q)2[ω¯q +N(D − g2/ω¯r)] . (12)
The validity of this results requires a low excited-state
population of each individual qubit, i.e. g  ω¯r + ω¯q.
Beyond this point nonlinear effects start to play a signif-
icant role and surprisingly, for an even number of qubits
we observe a sudden decrease of the photon number and
limg→∞〈a†a〉 = 0. At the same time the qubits remain in
a highly excited state, i.e. 〈Sz〉 ≈ 0, with a vanishing po-
larization along x, i.e. 〈Sx〉, 〈S2x〉 → 0. In Fig. 3 c) we also
plot the entanglement entropy, SE(ρ) = −Tr{ρ log2(ρ)},
for the reduced qubit density operator and for the den-
sity operator of a single qubit. It shows that while the
spin and cavity subsystems become decoupled at large g,
the qubits remain highly entangled among themselves.
We remark that other light-matter decoupling mech-
anisms have recently been described in extended multi-
mode systems [12, 41, 42]. There the inclusion of A2-like
terms expels the relevant field modes from the coupling
region, an effect which can already be described within a
linearized model. In the present single-mode setup such
a mechanism is not possible, and the above observations
already indicate that here the field decoupling is a highly
nonlinear and nonclassical effect. A heuristic explana-
tion for this behavior can be obtained by considering the
limitD  g, ω¯r,q, where the qubit-qubit interaction is the
dominant energy and therefore favors the state |mx = 0〉,
where Sx|mx〉 = mx|mx〉, as the ground state. Since the
coupling to the field ∼ Sx, it then also vanishes and the
resonator mode decouples. This is visualized in Fig. 3 d),
in terms of the Q-function of the reduced qubit state on
the Bloch sphere, which approaches a circle in the x = 0
plane for large g. For odd N , there is no mx = 0 state,
which explains why this decoupling mechanism does not
take place for the example of N = 9 qubits.
B. Effective low energy model
Let us now develop a more accurate description of the
system in the regime g/ω¯r > 1. We write H = H0 +H1,
where H1 = ω¯qSz. The first term, H0, commutes
with Sx and therefore it can be diagonalized exactly,
H0|Ψs,mx,n〉 = Emx,n|Ψs,mx,n〉 (see App. C). The eigen-
states are given by
|Ψs,mx,n〉 = e−
g
ω¯r
(a†−a)Sx |s,mx〉|n〉, (13)
where |n〉 are photon number states and |s,mx〉 are col-
lective spin states of given total spin s = 0, . . . , N/2 and
-10 -8 -6 -4 -2 10
0
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FIG. 4. Plot of the lowest two energy levels Esc obtained
from the diagonlization of the semiclassical qubit Hamilto-
nian Hsc(α) = 〈α|H|α〉, and for g/ω¯r = 3.5, ω¯q/ω¯r = 1 and
N = 4. The arrows indicate first and second order processes
induced by H1 = ω¯qSz on the otherwise degenerate ground
state manifold.
projection quantum number mx = −s, . . . , s. There-
fore, the eigenstates of H0 are simply harmonic oscillator
states, which are displaced by an amount −mxg/ω¯r. The
corresponding eigenenergies are
Emx,n = δm
2
x + ω¯rn, (14)
which for δ → 0 become independent of the spin quantum
numbers. This means that in this limit each n-manifold
contains a set of 2N degenerate qubit states. The en-
ergy penalty from the S2x-term is exactly compensated
by a lowering of the interaction energy when the res-
onator mode is displaced. This is illustrated in Fig. 4,
where we plot the lowest two eigenvalues of the semi-
classical qubit Hamiltonian, Hsc(α), for s = N/2. Com-
pared to the double-well potential structure for the single
qubit case, the lowest Born-Oppenheimer potential now
displays a multi-well potential landscape with (2s + 1)
nearly degenerate minima. Again this large degree of de-
generacy can be understood from the corresponding clas-
sical charge configurations, as illustrated in Fig. 5 for the
case N = 2. For both qubit configurations, which corre-
spond to different values of mx the electrostatic energy is
concentrated only in the gate and coupling capacitances
Cq and Cg, and it is therefore identical. Note that the
DM with D = 0 would energetically favor states with
|mx| = 1 over a mx = 0 state and lead to inconsistencies
with basic electrostatic considerations.
To model the low energy properties of H we now
focus on the ground state manifold, n = 0, and in-
clude quantum corrections due to H1. This term first
of all couples neighboring mx levels within this manifold,
i.e., 〈Ψs,mx,0|Sz|Ψs,mx±1,0〉 = e−g
2/2ω¯2r 〈s,mx|Sz|s,mx ±
1〉. In addition, H1 also couples to states in energe-
tically higher manifolds, n > 0. This effect can be
treated in second order perturbation theory as detailed
in App. C. These second order corrections predominately
lead to an energy shift ∼ [m2x − s(s + 1)]ω¯2q ω¯r/(2g2),
which singles out the s = N/2 states as the lowest en-
ergy manifold. By defining operators S˜k via the rela-
tion 〈Ψs,m′x,0|S˜k|Ψs,mx,0〉 = 〈s,m′x|Sk|s,mx〉, we obtain
6FIG. 5. Illustration of the classical charge configurations,
which correspond to two different qubit states with different
values of mx. In both cases the capacitive energies are the
same, which when generalized to N qubits explains the ex-
istence of 2N -fold degenerate manifolds in the limit g → ∞.
As in the single qubit case, the average voltage across the
resonator capacitance Cr vanishes for all those states.
within this manifold the effective collective spin Hamil-
tonian
Heff '
(
δ +
ω¯2q ω¯r
2g2
)
S˜2x + ω¯qe
−g2/2ω¯2r S˜z. (15)
From this model we immediately see that for g/ω¯r  1
the coupling to neighboring mx states is exponentially
suppressed and for even N the ground state is indeed
|G〉 = |ΨN/2,mx=0,n=0〉 with a vanishing photon number.
By taking into account first order corrections from states
|ΨN/2,mx=±1,n=0〉 we obtain the approximate scalings
〈a†a〉 ≈ N(N + 2)g
6
2ω¯4r ω¯
2
q
e−g
2/ω¯2r , ∆E ≈ ω¯rω¯
2
q
2g2
, (16)
where ∆E = E1−E0 is the gap between the ground and
the first excited state. Note that this non-exponential
closing of the energy gap is very atypical for qubit-
resonator models in the ultrastrong coupling regime. For
an odd number of qubits there is no mx = 0 state
and the ground state is |G〉 ' (|ΨN/2,mx=−1/2,n=0〉 +
|ΨN/2,mx=1/2,n=0〉)/
√
2 and 〈a†a〉 ' g2/(4ω¯2r) simply in-
creases in the large g limit. The next higher state is the
corresponding antisymmetric superposition and therefore
the energy splitting now exhibits the usual exponential
scaling, i.e., ∆E ' (N + 1)ω¯qe−g2/2ω¯2r . Although for cer-
tain quantities the admixture of higher n-levels must be
taken into account (see App. C), we find that within its
range of validity,
√
s(s+ 1) < g2/(ω¯rω¯q) and g/ω¯r > 1,
the effective model Heff provides an accurate description
of the low energy properties of an ultrastrongly coupled
collective circuit QED system.
2
1
1 2 3 4 50
0
FIG. 6. The lowest excitation energies ∆En = En−E0 of the
EDM (5) for N = 2 qubits are plotted as a function of the
coupling strength g and for ω¯r = ω¯q. The dashed lines show
the corresponding excitation energies for the standard DM,
where D = 0.
C. Energy spectrum
Apart from the above described changes of the ground
state properties, the appearance of the DS2x term will
also change the excitation spectrum of multi-qubit cir-
cuit QED systems in the ultrastrong coupling regime.
This is exemplified in Fig. 6 for the case N = 2, where
the lowest few excitation energies ∆En = En − E0 are
plotted as function of the coupling g and compared with
the corresponding results for the DM. One clearly sees
the emergence of the 2N -fold degenerate manifolds for
large g, which already for two qubits is in clear con-
trast to the two-fold degenerate energy manifolds known
from the DM. Spectroscopically, the difference between
the two models becomes most significant in the region
1 < g/ω¯r < 2, where the crossover from the strong to the
ultrastrong coupling regime takes place.
V. FLUX QUBIT CIRCUITS AND
EXPERIMENTAL IMPLEMENTATIONS
The results presented so far have been explicitly de-
rived for a charge coupled circuit, but the appearance
of a DS2x term in multi-qubit circuits is a more general
phenomenon. In Fig. 7 a) we show an equivalent circuit
model for N flux qubits coupled inductively to a single
LC resonator. The Lagrangian for this circuit is
L = CrΦ˙
2
r
2
− Φ
2
r
2Lr
− (Φr − ΦN )
2
2Lg
+
N∑
i=1
Lq(∆Φi,∆Φ˙i).
(17)
Here Lq denotes the Lagrangian for a single flux qubit,
which is a function of the phase difference ∆Φi = Φi −
Φi−1, and depending on the exact design, of additional
local degrees of freedom [18, 34, 38–40]. Since for this
circuit there are no capacitive couplings between the in-
dividual components, the derivation of the corresponding
circuit Hamiltonian can be performed in a straight for-
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FIG. 7. Circuit model for a collective QED system with in-
ductively coupled flux qubits. When expressed in terms of the
flux across each qubit, ∆Φi = Φi−Φi−1, the magnetic energy
(Φr−∑∆Φi)2/(2Lg) associated with the inductance Lg leads
to qubit-resonator as well as qubit-qubit interactions, with the
relation D = g2/ω¯r + δ, where δ > 0. b) Specific realization
of a flux qubit based on the design used in Refs. [25, 26] to
reach the ultrastrong coupling regime.
ward manner. In particular, by writing ΦN =
∑
i ∆Φi,
one immediately sees that the resulting inductive inter-
action between Φr and ΦN can be grouped as
(Φr − ΦN )2
2Lg
=
Φ2r
2Lg
−
∑
i
∆ΦiΦr
Lg
+
∑
i,j
∆Φi∆Φj
2Lg
.
(18)
The first A2-like term leads to a renormalization of the
resonator inductance Lr → L¯r = (LrLg)/(Lr + Lg),
which however does not scale with N . The other two
terms represent the collective qubit-photon coupling and
the collective qubit-qubit interactions, respectively. By
writing Φr =
√
~/2Crω¯r(a† + a) and within the valid-
ity of the two-level approximation, i.e. ∆Φi = Φ
0
qσ
i
x, we
recover the EDM (5) with the more general relation
D =
g2
ω¯r
(
1 +
Lg
Lr
)
=
g2
ω¯r
+ δ, (19)
where δ > 0, as assumed in the analysis above.
The flux qubit circuit shown in Fig. 7 a) is also very
promising for first experimental realizations of the de-
scribed models. Compared to capacitive interactions,
where g/ω¯r ∼
√
Z¯r/RK (RK = h/(e
2) is the quan-
tum resistance), the inductive coupling g/ω¯r ∼
√
RK/Z¯r
scales more favorable with the resonator impedance Z¯r =
L¯r/C¯r [17]. Fig. 7 b) shows a sketch of a three-junction
flux qubit with an additional tunable inductance. This
design has been used in recent experiments to demon-
strate ultrastrong coupling conditions in a single mode
setup [25] as well as for an open transmission line [26]
and exhibits a large degree of tuneability. The addition
of a second qubit in such setups, would already allow the
observation of the described decoupling effect, by either
looking at the excitation spectrum shown in Fig. 6, or
by measuring the predicted anti-correlations of the qubit
flux-states in the ground state of the system.
1 2 3 4 50
1
1 2 3 4 50
1 2 3 4 50
1
a) b)
c) d)
0 0
FIG. 8. a) The ground-state photon number 〈a†a〉 is plot-
ted for disordered system, where the qubit frequencies ω¯iq are
randomly chosen from a uniform distribution in the interval
[ω¯q − 0.5ω¯q, ω¯q + 0.5ω¯q]. b) The same as in a), but with a
random distribution of coupling constants gi chosen from the
interval [g − 0.3g, g + 0.3g]. The other parameters for this
plot are the same as in Fig. 3. c) Circuit model for two flux-
qubits, which are connected via a wire of finite inductance Lw
and capacitance Cw. The frequencies ω¯r and ωex are identi-
fied with the lower and higher resonator frequencies and g is
identified with the coupling of the first qubit with the lower
resonator mode. Other coupling constants are identified as
gik where i = 1, 2 stands for the qubits and k = 1, 2 for the
modes, k = 1 is the lower and k = 2 the higher. Thus, with
this naming convention g ≡ g11. All of the parameters can be
derived from the circuit by diagonalizing the harmonic part
of the circuit’s Hamiltonian. d) Ground-state photon num-
ber in the presence of a higher mode. For the plot we use
Lw = Lg/3, Cw = Cr/87, ωex/ω¯r = 21.56, g12/g = 2.69,
g21/g = 1.00, g22/g = −8.04 (blue), Lw = Lg, Cw = Cr/29,
ωex/ω¯r = 10.86, g12/g = 3.35, g21/g = 1.02, g22/g = −3.30
(green) and Lw = 3Lg, Cw = 3Cr/29, ωex/ω¯r = 7.61,
g12/g = 5.15, g21/g = 1.08, g22/g = −1.59 (red). For all
curves we have chosen Lg = 1.5 nH and Cr = 0.25 pF. Dot-
ted line displays the single-mode result. The values for Lw
and Cw in the three curves correspond approximately to a
∼ 200µm (blue), ∼ 500µm (green) and ∼ 1 mm (red) long
wire between the qubits. For all curves the qubit parameters
have been adjusted to give the same frequency ω¯q = ω¯r/2.
A. Other experimental considerations
In our analysis so far we have assumed identical cou-
plings gi = g and identical qubit frequencies ω¯
i
q = ω¯q,
which can be hard to realize in practice [43, 44]. How-
ever, in Fig. 8 we re-evaluate the light-matter decoupling
effect for a disordered system, where we allow for indi-
vidual variations of the gi and ω¯
i
q. We see that even at
a very high level of disorder there are small quantitative
differences, but almost no qualitative changes of the pre-
dicted features. Surprisingly, even the parity oscillations,
which we explained above in terms of a fully symmetric
coupling, are very robust with respect to variations in the
8coupling constants and all curves are still clearly distinct
from the sharp increase of 〈a†a〉 expected from the DM.
Therefore, the predicted effects should be observable even
in systems with only a limited amount of tuneability.
Finally, our model assumes the coupling of all qubits
to a single resonator mode. This is in general a good
approximation for lumped element resonators, where the
fundamental electromagnetic mode can be well separated
from all higher excitations. For example, considering a
typical LC resonator of spatial extent d ∼ 500µm and
a fundamental mode of ω¯r/(2pi) ∼ 5 GHz [23, 25] one
expects higher order modes at a frequency ωex/(2pi) ∼
c/(6d) ∼ 100 GHz [46]. At the same time such a cir-
cuit can incorporate tens of flux qubits of size ∼ 10µm.
To understand the validity of the single mode approxi-
mation more quantitatively, we investigate a two mode
setup shown in Fig. 8 c), where the ideal wire connecting
two flux qubits is replaced by a finite inductance Lw and
capacitance Cw. This circuit is used to model an higher
excited mode with frequency ωex ∼ 1/
√
LwCw. Fig. 8 d)
shows the dependence of the photon number 〈a†a〉 in the
ground state for varying ratios ωex/ω¯r. Again we observe
a robustness of the decoupling effect and for experimen-
tally relevant regime ωex/ω¯r ≥ 20 (approximately corre-
sponding to a ∼ 200µm long wire) there is no significant
influence of the higher mode. This ability to realize a
single mode setup in the ultrastrong coupling is also one
of the key advantages of circuit QED, since such a sepa-
ration of modes cannot be achieved in the optical regime.
VI. CONCLUSIONS
In summary we have analyzed collective interactions in
circuit QED systems in the ultrastrong coupling regime.
Going beyond the previously discussed A2-corrections,
we have identified the important role of qubit-qubit in-
teractions, which generically appear in the fundamen-
tal description of such circuits. In particular, we have
shown that the ground state of the resulting EDM ex-
hibits many features that are exactly opposite to what is
expected from the often considered DM physics. Apart
from the absence of a superradiant phase, this includes
light-matter decoupling at very strong interactions, a
high degree of entanglement between the qubits and the
existence of manifolds with an exponentially large num-
ber of nearly degenerate states. These predictions can
already be tested with a minimal setup consisting of two
flux qubits coupled to a lumped element resonator, sim-
ilar to existing experimental setups [25, 26].
On a broader scope, we have presented in this work a
fully microscopic derivation of a minimal model describ-
ing multiple (artificial) atoms coupled to a single radia-
tion mode, where compared to optical systems the sin-
gle mode or two level approximations can be rigorously
justified by an appropriate circuit design. The result-
ing model is identical to the single-mode Hopfield model,
which is usually derived for macroscopic dielectrics and
has been successfully applied to describe collective ul-
trastrong coupling effects in solid-state cavity QED sys-
tems [30]. Our analysis reveals for the first time the
highly nontrivial quantum mechanical features of this
fundamental model in the regime where each individual
atom is coupled ultrastrongly to the radiation field.
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Appendix A: Circuit QED Hamiltonian
In this Appendix we provide additional details on the
derivation of the charge Hamiltonian (3). To perform
the Legendre transformation we write the circuit La-
grangian (1) as
L = 1
2
Φ˙TCΦ˙− Φ˙Ta+ NCqV
2
G
2
− Vpot({Φη}), (A1)
where Φ˙ = (Φ˙r, Φ˙1, . . . , Φ˙N )
T, Vpot({Φη}) is the poten-
tial energy and a = (0, CqVG, . . . , CqVG)
T
. For the cir-
cuit shown in Fig. 1 a) the capacitance matrix is
C =

Cr +NCg −Cg −Cg . . . −Cg
−Cg Cq + Cg 0 . . . 0
−Cg 0 Cq + Cg . . . 0
...
...
...
. . .
...
−Cg 0 0 . . . Cq + Cg
 .
(A2)
The Hamiltonian function is obtained from the La-
grangian via a Legendre transformation and can be writ-
ten in vector notation as
H = 1
2
(Q+ a)
T C−1 (Q+ a) + Vpot({Φη}), (A3)
where Q = (Qr, Q1, . . . , QN )
T
is the vector of conjugate
charges Q = ∂L/∂Φ˙. The inverse of the capacitance
matrix is of the form
1
C =
1
C¯2

Cq + Cg Cg Cg . . . Cg
Cg X Y . . . Y
Cg Y X . . . Y
...
...
...
. . .
...
Cg Y Y . . . X
 , (A4)
9where C¯2 = CrCq + Cg (Cr +NCq) and we used the
abbreviations X = Cr+Cg+(N−1)CgCq/(Cg+Cq), Y =
C2g/(Cg +Cq). The result for the charge Hamiltonian (3)
then follows directly from Eqs. (A3) and (A4).
Appendix B: Holstein-Primakoff Approximation
The Holstein-Primakoff approximation is based on an
exact mapping of collective spin operators S± = Sx± iSy
and Sz onto a bosonic mode with annihilation operator
b [5, 45],
S+ =b
†√N − b†b, (B1)
S− =
√
N − b†b b, (B2)
Sz =
(
b†b− N
2
)
. (B3)
Under the assumption that N  1 and the total number
of excitations remains small, i.e. 〈b†b〉/N  1 we can
approximate Sx '
√
N(b†+b)/2 in the EDM (5), and we
obtain the quadratic Hamiltonian HHP given in Eq. (10).
This Hamiltonian can be diagonalized and written as [5]
HHP =
∑
α=±
~ωαc†αcα, (B4)
where the excitation frequencies are given by
ω2± =
1
2
[
ω¯2r + Ω
2
q ±
√(
ω¯2r − Ω2q
)2
+ 16G2ω¯rω¯q
]
(B5)
and Ω2q = ω¯q (ω¯q + 4DN ). By using the relation D =
g2/ω¯r + δ we find that both excitation frequencies are
positive as long as δ ≥ 0 and ω¯q > 0.
The ground state |G〉 of this Hamiltonian is character-
ized by c±|G〉 = 0. Using this property we can calculate
the average photon number in the ground state. We ob-
tain
〈a†a〉 = cos (2θ)A− +A+ − 4
8
, (B6)
where we used the short-hand notation
cos (2θ) =
ω¯2r − Ω2q√(
ω¯2r − Ω2q
)2
+ 16G2ω¯cω¯q
, (B7)
A± =
(
ω+ω− ± ω¯2r
)
(ω+ ± ω−)
ω¯rω+ω−
. (B8)
For small g the result for 〈a†a〉 can be further simplified
to the expression given in Eq. (12) in the main text.
Appendix C: Ultrastrong coupling perturbation
theory
In this Appendix we summarize the details of the per-
turbation theory used to describe the ground state prop-
erties in the ultrastrong coupling regime g > ω¯r, ω¯q.
In this regime the full Hamiltonian can be written as
H = H0 +H1, where
H0 = ~ω¯ra†a+ ~g(a† + a)Sx + ~DS2x, (C1)
and H1 = ω¯qSz. We see that H0 commutes with Sx and
it can be diagonalized by a polaron transformation, H ′0 =
U†H0U , where U = exp
(−γ(a† − a)Sx) and γ = g/ω¯r.
We obtain
H ′0 = ~ω¯ra†a+ ~
(
D − g
2
ω¯r
)
︸ ︷︷ ︸
δ
S2x. (C2)
Therefore, in this new frame the eigenstates are
|s,mx〉|n〉, where s is the total spin quantum number,
mx is the spin projection along x and |n〉 is the number
state of the resonator mode. The corresponding energies
are Emx,n = ~ω¯rn+ ~δm2x. After transforming back into
the original frame we obtain the eigenstates |Ψs,mx,n〉
defined in Eq. (13).
For δ → 0 the eigenspectrum of H0 consists of a set
of highly degenerate manifolds separated by multiples of
~ω¯r. This degeneracy is lifted by the qubit Hamiltonian
H1 and in the following we are interested in the effect of
H1 on the ground-state manifold spanned by the states
with n = 0. To do so we need the matrix elements
〈Ψs,m′x,n|H1|Ψs,mx,0〉 = (C3)
~ω¯qe−
γ2(mx−m′x)2
2
γn(m′x −mx)n√
n!
〈s,m′x|Sz|s,mx〉.
To first order in H1 we obtain a tunneling between neigh-
boring mx states within the n = 0 manifold, i.e.,
〈Ψs,m′x,0|H1|Ψs,mx,0〉 = ~ω¯qe−
γ2
2 〈s,m′x|Sz|s,mx〉. (C4)
In terms of the effective spin operators S˜k we can write
the first order correction to the effective ground state
Hamiltonian as
H
(1)
eff = ~ω¯qe
− γ22 S˜z. (C5)
To second order in ω¯q the states in the ground state
manifold are coupled to higher n-states, which are sepa-
rated by an energy ~ω¯rn. These processes can be treated
in second order perturbation theory and we obtain
H
(2)
eff =
N/2∑
s=0
s∑
mx,m′x=−s
M(s,m′x,mx)|Ψs,m′x,0〉〈Ψs,mx,0|,
(C6)
where
M(s,m′x,mx) =
−
∞∑
n=1
〈Ψs,m′x,0|H1|Ψs,mx+1,n〉〈Ψs,mx+1,n|H1|Ψs,mx,0〉
(2mx + 1)~δ + ~ω¯rn
−
∞∑
n=1
〈Ψs,m′x,0|H1|Ψs,mx−1,n〉〈Ψs,mx−1,n|H1|Ψs,mx,0〉
(−2mx + 1)~δ + ~ω¯rn .
(C7)
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As a main contribution we obtain a diagonal term, which
for small δ and γ & 2 is approximately given by
M(s,mx,mx) =
~ω¯2q
2ω¯r
[
m2x − s(s+ 1)
]
e−γ
2
∞∑
n=1
γ2n
n!n
' ~ω¯
2
q
2ω¯rγ2
[
m2x − s(s+ 1)
]
,
(C8)
and we obtain the second order contribution
H
(2)
eff =
~ω¯2q ω¯r
2g2
[
S˜2x − ~˜S2
]
. (C9)
Since these energy shifts are not exponentially sup-
pressed, H
(2)
eff dominates over H
(1)
eff and determines the
basic ordering of the energy levels for g → ∞. In par-
ticular, this result shows that for given mx the maximal
angular momentum state with s = N/2 is lowest in en-
ergy. Since H preserves the total angular momentum, it
is enough to evaluate the low excitation properties within
this s = N/2 manifold.
Note that in addition to the energy correction we also
obtain a correction to the state vectors. For most quan-
tities these corrections are not essential, but they can
lead to additional contributions in the expectation values,
that are not taken into account in the analysis in the main
text. A significant correction occurs, for example, for the
qubit polarization 〈ΨN/2,0,0|Sz|ΨN/2,0,0〉, which accord-
ing to Heff would decay exponentially at large g, but in
reality decays algebraically, i.e., 〈ΨN/2,0,0|Sz|ΨN/2,0,0〉 ≈
−N(N + 2)ω¯qω¯r/(4g2).
Finally, we emphasize that the validity of the effec-
tive Hamiltonian Heff requires that for each n the matrix
elements given in Eq. (C3) are small compared to the
energy difference ~ω¯rn. The matrix elements are expo-
nentially suppressed for small n and reach maximal value
for n0 ≈ γ2. Therefore, the validity of the perturbation
theory is restricted to parameters
√
s(s+ 1)ω¯q
2
<
g2
ω¯r
. (C10)
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